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l.east-squares inversion of an 1 8-day sequence of delay-])opplcw radar images
of Toutatis yiclds a 1600-parameter shape model and estimates of the eight
parameters that, definethe object’s non-principal-axis spin state. Toutatis is
rotating in a long-axis mode characterized by periods of 5.41 clays (rotation
about long axis) and 7.35 days (average for long-axis precession). The model’s
ratios of maximum and intermediate to minimum moments of inertia are 3.19
and 3.01, and its dimensions along the principal axes are 1.92, 2.40, and 4.60 km.
Although the asteroid appears cloul~le-lobed insome orientations, its distribution
of volume along the minimume-inertia axis is not bimodal. Prominent topography
includes craters and ridges. Either the asteroid’s density is homogencous or its

inhomogenecities mimic the inertia tensor of a homogencous hoc].y.

Radar measurements of the distribution of echo power intime delay (radial distance) and
Doppler frequency (radia velocity) arca unique groundbased source of fine-resolution images
of ¥arth-orbit-crossing asteroids (}; CAs). H owever, a delay-Doppler image is a non-intuitive
projection and is subject to global aliasing. Consequently, extraction of all the information
contained in such images rcquir(cs their inversion with a comprchensive physical model. This
paper p resents results of inverting images that place hundreds of pixels 011 the FCA 4] 79
Toutatis. The resulting modcl, the most detailed physical characterization of an KCA to
date, reveals a geologic.aly complex object inanextiaordinary rotation state.

Reconstruction of an asteroid’s shape from delay-Doppler images was first achicved for

the INCA 4769 Castalia (1) which was resolved into a few doze 1 pixcls per immage during a
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2.5-h imaging scquence. Yor Toutatis, observations durinig 18 consccutive datesinDec. 1992
(2) placed hundreds to thousands of pixels per image on the target and, quite surprisingly,
revealed Toutatis to be in @ nonprincipal-axis (NIPA) spin state, a situation that dramatically
complicates the shape reconistruction process.

For the vast mnajorily of solar systein objects the spinvector W is constant and parallel
to both the angular momentumn vector 1. and the maximuim-moment principal axis of incrtia
(the object’s “short axis’). Jor such principal-axis (1 ‘A) rotation, two constant angles 0 and
¢ fix the direction of this rotation pole and another angle o = (22 /1)1, with I’ the spin
period, gives the rotation phase. These threw Iuler angles give the orientation of the body
as a Tunctlion of time (3).

For a NPA rotator, W is not parallel to I, and tisnot constant incither l)ociy-fixed or
inertial coordinates. Morcover, all three Fuler ang ¢s arc nonlhincar functions of time. The
spin vector W is periodic ina body-fixed frame but not inaninertial frame, and in genera]
the object never repeats any given inertial orientation.

l'or an object with principal moments of inertia 1, > /i > I;, where the subscripts refer to
short, intermediate, and long axes, the motion is fully determined by specifying at some time
1o the initial conditionsﬂo,d’oa}f’oa and Wo. Integration of Iuler’s equations then provides
#,0,%,and W as functions of time (3). Since those equations depend on the moments of
inertia only through the ratios I,/1; and 1i/ 11, a total of cight paramecters is necded to fully
specify a general spin state. llere we repor t reconstruction of Toutatis’ three-dimensional
shapcand g])i]l-state based onscventeen Goldstone “low-resolution” (0.5-ps x 0.1 Hz)images

fro] . Jec. 2-18 and a single Arccibo (0.2-ps x 0.012 Hz) image from Dec. 19 (4).
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Inversion Method. Before iterative, least-squam cstimation of the shape and rotation
state could begin, a reasonably accurate starting point for scar ching this large paramecter
space had to be identified. Conveniently, cach Toutatis image is bifurcated into alarge lobe
and a small lobe. We exploited this asyminetry and found that 2.9 km and 1.5 km spheres
incontact gave a crude, qualitative representation 01 theseitnages. The Fuler angles 0 and
¢ thenoriented the z axis, through the sphere’s centers, with respect to ecliptic coordinates
as functions of time, and the Fuler angle b gave the angular position of the body about this
axis.

For cach framne, the orientation of this siimple shape was cstimated *‘(by hand,” with no
consideration of the underlying dynamics, by observing the correspondence between observed
andmodeled data. Due to the shape’s symm ctry about thie z axis, no constraints could be
placed on the angle 4, but this process did produce a series of coarse cstimates for O and ¢
in cach frane.

We then it a spinstate to these approximate O and ¢ values using the inertia tensor of
the two-sphere model in the integration of Iuler’s cquations. W c took the initial time 1o to
be 1992 Dece. 11 at 9:21UTC, in the middle of the image sequence, when the echoes had the
simallest bandwidth and the ]aygcst dclay depth measured during Dec. 2-19. As discussed
by Ostro et al., these two conditions implied that thelong axis was close to the radar line of

sight (1, OS) andthal W - Wsky’ with W_., the orbital contribution to the apparent spin

sky
vector, also was ncarly parallelto the 1LOS. The resultant, rather crude description of the

rotali onstate provided adequate initial conditions for simultancous least-squams estimation

of the full set of paramecters describing the asteroid’s shape, radar scatiering propertics, and
1 g pe, g proj )
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dynamics. Following the approach used for Castalia (1), we minimized an objective function

of the form

$(s,p,d) = x(s, p,d) 1 10°4 A(s)
110% B(s, d) -1 10%C(s)

11 0°0D)(d) 1)

where the vectors s, p, ‘and d denote the Shape, “photornetric,” and dynamical parameters
of the model; x? is the least-squares good ness-of-fit mecasure; and A(S), I3(s, d), C(s), and
D(d) are penalty functions.

We modeled the diflerenitial radar cross section of the surface (5) as

00 = pcos™i (2)

withz the angle of incidence, p the normal reflectance, and n amcasure of surface specularity.
Fighteen parameters p, = p/SDIEV, with SDEV, the radar cross section equivalent of one
standard deviation of receiver noise, gave independent estimates of p for cach frame (6).
These and n defined 19 ])llotongctric paramcters p.

The dynamical parameters included, 1,/1;, I; /11, ¢, 00,100, Wosand six rotational offsets
for cach frame: A¢r, Aly, Ay, and AW, 1<k < 18. The offsets were added to the
talc.ulatcd Fuler angles and spin vector inthe initial stages of the estimation.  Weakly
weighting D(r), the sum of the squares of the rotational offsets, cnabled a random spin

state from fraine to frame, while a strong weighting forced the offsets toward zero and hence
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enforced consistericy with uler’s equations, a physical requireinent of the final model. We
gradually increascd By untilthe dynamical ofl’sets werconthe order of 1° or 1 °/day, at which
point wc set al offscts to zero. Additional dynamic al paramecters, Ay, A, 1 <k < 18,
allowed for correction of the observing ephemerides’ predictions [2] of the delay-l1oJ)])lcr
locations of the center of mass (COM) in cach framc.

A(s) penalized deviation of the centroid of the shape from the dynamical COM. B(s, cl)
penalized deviation of the inertia tensor of the shape, computed assuining unifori density
(UD), from the inertia tensor used to describe the spin state.  Setting B4 and S very
large enforced consistency of the model with UD. T'his was not an 0 priori requirciment, but
these penalty functions let us test the UD hypothesis. 1f enforcing consistency with UD
significantly raised x2 the hypothesis would be rejected; otherwise it would remain viable.

The function C(s) penalized surface concavitics; setting e lar ge forced the shape toward
convexity and erisured that only those [eatures that arc absolutely needed to explain the
observed data were a lowccl. 1 ndeed we took fe large cnough that it visibly sinoothed out
the modeled delay-llop})]cr images and suppressed sonic app arcntly real topograjhy near
the scale of the data's resolution (7).

1)clay-Doppler l'a,darima,gc§ typically have a large dynamic range, and the imaging ge-
omelry usually results inmuch brighter pixels near theleading edge of the object. ‘Jo more
cquitably weight all regions of the object inthe fits, we applied a gaimmna correction (8) with
v == 2 to observed and modcled data throughout the estimation process.

In the initial fits we floated the diameters and locations of the two (potentially over-

lapping) spheres along with the dynamical and photometric par amncters. The shape was
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simplistic and not expected to correspond to the asteroid’s inertia tenisor, so we left it de-
coupled from thic dynamical parameters. This process resulted in an improved solution for
d. Then cach sphere was replaced with a spherical harmonic series model as in the recon-
struction of Castalia (1). At first, low-resolution shape 1miodels were used and the penalty
functions were weakly wecighted. When the spin state and shape had evolved sufliciently that
features on the order of the spatial resolution of the shape model were being fit throughout
the 18-day sequence, we noved to progressively 101 hger seri es.

There are enough pixels in the data used here to constrain more than a thousand shape
par amecters, but spherical harmonic models becoine computationally burdensome with more
than a few hunidred cocflicients.  After solving for a few hundred paramcters, we moved
to polyhedral inodel s defined by a set of vertices v;, 1 < ¢ < N, grouped into triples to
define triangular surface facets (9). Fxact closed-fm i expressions mist for the centroid and
inertia tensor of suclimodels, they arc more cflicient to rendes with large numbers of shape
paramecters, and they can describe an arbitrary closed shape.

We parameterized the shape as a deformed cllipsoid via

Vi = &, 3

where the a; were points onan ellipsoid (theineitia ellipsoid of the previous best-fit model)
and theWiwere the surface norinals of that ellipsoid. The flee shape parameters 7i specified
the deviation of the shape from this ellipsoid. Replacing thew; with the surface normals
of the converged model led to no significant change in the reconstruction, supporting our

impression that this paramcterization was suflicient ly general. We bega n with N = 200
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vertices and incrcased N to 400, 800, andf{inally 1 600, at cacl) stage allowing the fit to
converge. AdditiOlralverti ceswere added by repeatedly halving the shape’s longest facet
edge; this process resulted ina fairly uniforin distribution of vertices over the surface. The

final N 1600 10del (10) has 3196 facets whose average arca is (84 11 1)°.

Shape. Iligure 1 shows renderings of the Toutatis model from six diflerent view points
and with two diflerent illumination gecometrics. 111 (A) zero-phase illumination (source and
observer cf~located) shows thie overallshape and dinensions, and in (1B) thie source is mioved
75° toward the top of the page tolet shadowing; effects bring out details of SUrface features.
The modelhas a volume of 7.67 km®and a surface arcaof 22.5km?, whichis19% larger than
the surface area of asphere of the same volume. The volune defines an eflective diameter
245 km (11).

A simple, but useful, approximation to Toutatis’s figure is an cllipsoid for which /1,
I;/ 11, and the volume arc the same as for ‘Toutatis. This ellipsoid has overall dimensions
(1.70,2.03,4 . 26) :10.08 kin. The “dynamical clongation” of Toulalis is 4."26/1 .70 =2.514
0.15. Theratios of the maximum extent of the actual shape inthe long-axis direction to
the maximum extents in the short- and intennediatcaxis directions, 4.60/1 .92 = 2.40:1 0.13
and 4.60/2.28 = 2.02 :I-O.]O,dc;(:rib(‘, the asteroid’s “physical clongation.”

Toutatis radar images appear bifurcated in ever y frame (2), and a natural inference is
that the object is itself bifurcated insomesense. Theinter mediate- and short- axis views of
Fig. 1 (A) lead us to perceive the shape as consisting of two lobes, which we label 1.1 and

1,2. Lobe 1,1 accounts for about 2/3 of thelong axis dimension, 1,2 for about 1 /3. Jow’ever,

with UD assumed, the asterol d’s mass distribution along the long axis is not bimodal (1ig.
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2).

I'he most prominent features at the several-} Ilirlc; Ic{I-llI(:tcl scale include the concavities
labeled CI, C2and C3inFig. 1 (B). Cl and C2 arc the most circular, and we identify these
as impact craters. Their closc proximily and similar diameters (about 750 m) arc intriguing,.
C3, which extends over most of the length of 1.2, is less circular but also may be animpact
structure.

The pattern of ridges R1, R2, and R3 dominate the relief in some views. The largest
of these, R1, extends about 1 ki across 1.] and is oriented nearly normal to the asteroid’s
long axis. This is followed by a shorter ridge, R2, closer to 1.2, Feature R3 appears, in some
views, to beanextension of the structure R1-R2.

The 500-1m-deep “ neck” N extends part way around the the opposite side of the asteroid
fromthe structure R1-R2-R3, demarcating 1,1 and 1,2 inmany views, The corresponding
appcarance of these features 1 the observed andimodecled delay-l1)o~)plm 1nages is shownin
Ig. 3 for five frames.

The model’s scaticring law is nearly Lambertian(n: 2.3:1 0.5). This result and the
cchoes’ polarization signature (2) imply that Toutalis’s surface is very roughat Cln-to-in

scales.

Spin State. ‘loutatis’ extraordinary rotation is speccified by the following initial conditions.
The moment ratios arc within 3% of 1./1;= 3. 1 9andJi/1i= 3.01. Atto,the uler angle.s of
the principal axes of inertia with respect to ccliptic coordinates were within 3° of ¢q:-103°,
Oo = 94°, o= 136°, while the projection of Wy along the (short, interinediate, long)

principal axes was within 1° day’! of (20°, 32°,980) day™ .
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These cight parameters define the direction of 1, as cecliptic longitude - 3°, latitude - 53°.
The fact that L2/211 - 0.55, with I the rotational kinctic encrgy, is less than unity
identifics the spin state (3) as a “long axis mode.” W, in Imly-fixed coordinates, rotates
about the long axis cvery )= 5.41 days, andduring this time the angle between the long
axis and 1, varies twice betweeri 49°and 500 T'he complete motion consists of nonlincar
periodic variations every I’ superposed on a uniform rotationabout 1, every 1%: 7.35 days.

I'igurc 4 shows the reconstructed shape and spin state of Toutatis inan inertial frame
at six-hour time intervals beginning 3 Dec. 1992 at 18:00 U'T'C; the entire sequence spans
7.25 days. The view isfrom above the planc of the ccliptic andillumination is provided
by an artificial source 45° counter- clockwise! fromthetop of the page and 30° out of the
page toward the viewer. Thelong axis moves from being nearly in the plane of the ecliptic
to ncarly perpendicular to it, and the long-axis oricntation (O, ¢)alinost repeats after the
7.25 days. llowever, the orientation of the body about the long axis () is quite different
between the beginning and end of this scquence, demonstrating how the complete motion of
the object is not periodic (12).

Note the similarity betweenthe Dec. 2 and Dece. 13 delay-lh~I~)lcl imagesinlig. 3. This
mecans that on cach date: 1) t'}l(‘, oricntation of W with respect to the asteroid was nearly
the same, and 2) nearly the same region of the surface was visible.  Condition 1 occurred
because the ~ 1 0.5-day interval between these images is nearly 2/ ; a combination of the
object’s rotationand more than 1000 of planc-of-sky (1> OS) motion p roduced condition 2.

The delay-Doppler projection is invariant with respect to arotation of the object/sl)il~

statc about the radar ], OS. However, 1'0S motion can break this ambiguity, and for Toutatis
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the POS miotion was more than 100° during the 18 days of radar observations, Here the least
squa res solution is sensitive to all spin state parameters, and rotating the initial conditions
about the LOS at to p roduces a PoOr fit, Noncthcless, it is desivable to have independent,
post-modeling, confirmation of the model’s prediction of the 'OS orientation.

On 17 Dec. at about 7:25 UTC, the Very lLarge Array (VILA) achicved POS resolution
of Toutatis cchocs of a Goldstone transmission (1 3). Although the resolutioniof 0.2 arcsec,
cquivalent to 10 km at the asteroid, did not resolve thie object, an clongation at a position
angle of about - 61° was revealed in the difference between the iimage and a point source
modecl. Iigure 5(A) shows our miodel’s prediction for Toutatis’s orientation during the time
of this observati on; the Jine running through the miodel is the Goldstone- VLA prediction.
T'his obscrvation was fortunate to catch Toutatis at a time when its long axis was ncarly
parallel to the planc of the sky.

The Hubble Space Tlelescope (F1S1) imaged Toutatis on 10 1 )ec. about 18:40 U'l' when
the Sun-Toutatis-Ilarth angle was about 90”. Image pixcls subtended 926 m on the asteroid
(0.0439 arcsce), and the FWHM of the core of the point spread function was 0.070 arcsec,
corresponding to a resolution of 1.48 kin at Toutatis. 1Mg. b (B) shows our predicted
appcarance of Toutatis; Fig. 5 (C) shows the same view withapixel size of 453 mn for
comparison with Fig. 4 of Nell ¢f al. (14). The rendered model, with a maxii num dimension
of 2.2 ki, is consistent with those authors’ statcinent that the illumninated, visible arca was
“most likely in the range from 1.7 to 2.4 kim.” No]] et al also interpreted the ST data
as suggesti ng an “extended feature at anangle of aboutl 45° ofl the solar vector, ” which is

indicated by the line through Fig 5 (C). ¥ig. 5 (B) s) wows that this apparent clongation was
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ducto the unusual shape of Toutatis andshadowing (fleets arising [ro1n the large ilhnnination
angle.

After having estimated both the shape and the spin state of 1outatis, it was apparent
that the entire surface of Toulatis was obscrved by the 18 radar imnages. Therefore, no area
of our model is unconstrained. Morcover, since Toutatis is a NPA rotator, the entire inertia
tensor (to within a constant factor) is obscervable. Because of these two facts we would
expect that, as discussed above, enforcing a UD hypothesis through penalty functions would
provide a powerful test of homogencity. Weinvestigated this possibility at several stages
by removing the dynamical penaltics which couple the inertia tensor and the shape. No
significant change occurred in the fit. That is, evidence for a nonuniform distribution of
density is lacking. Apparently cither Toutatis is ncarly homogencous, or its inhomogencitics

mimic the inertia tensor of a homogencous body.

Discussion. The shapes and spin states of asteroids arc believed to be primarily the prod-
ucts of violent collisional histories. lor the great inajority of asteroids it is thought that
damping of NPA to PA rotation occurs al time scales much shorter than the incan time
between collisions. Thercfore, whereas violent collisions would be expected to produce NPA
rotation, it is not surprising t}:a‘t]ightcmvcs for several hundred asteroids overwhelmingly
indicate I'A rotation.Ducto its very slow rotation, the damping time scale for Toutatis is
believed to be orders of magnitude greater than the age of the solar system (1 5), so Toutatis
provides a remarkably well-])rescrved relic of a collision-induced spin state.

The source of Toutatis’ topographic bifurcation is a myster y. Unlike Castalia, Toutatis’s

4

shapcedoces not evoke a “contact- binary” configuration. On the other hand, it scems unlikely
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(but certainly not iinpossible) that feature N could have been sculpted by a direct impact.
Similarly,it isnot clear what sequence of iimpacts might beresponsible for the 1{1-1{2-1{3
structure. Other pertinent questionsinvolve the implications of surface topography for the
asteroid’s internal configuration, c.g., for it's colicsiveness (16). Collisional simulations using
the Toutatis model may resolve these issues.

Fully desincared, high-resolution images from the 1992 radar experiment should support
modecling with an order of magnitude more shape paramecters than used here, and the re-
sulting {ine morphological detail available shouldshed eveninorelight onToutatis’ geology.
Given recent spacecraft and radar results, it is quite clear that the shapes and spin states
of asteroids arc strange and variegated, presumably the outcomes of collisional processes
that remain poorly understood (17). As the collectionof detailed shape models continues

to grow, we can expect commensurate improvement in our understanding of the physics of

these fascinating sinall worlds.
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FIGURE LEGEN DS

(A) Renderings of the Toutatis model from both directions on thelong, snort, and
interiediates axes (left, center, right colunims). The bay at the upper left is 1 kin
long. l.abels denote surface features discussed in the text. Source and observer are
co-located. (B) Same as (A) but the sou ree of Hlumination is moved 75° towards the

top of the page. Lambertian scattering is used in all renderings.

Cross scclional arca vs. position on long axis for Toutatis model and the lower-bound
Castalia model (1). For comparison, both models were normal ized to unit volume and
unit long axis length. Given uniforin density, the curves would aso correspond to mass

distribution.

Obscrved and modcled delay-] Joppler immages for five dates. Residuals (difference of
observed andmodcled data) have beenscaled up to use all the available dynamnicrange.

T.abels correspond to features inliig. 1.

Toutatis shape and spin state rendered at six hour intervals beginning 3 Dec. ] 992,
18:00 U'TC andincreasing left to right, top to bottom. Fach row spans two clays; the
tot alsequence covers ‘' .2 days. The bar at the lower left is 1 kinlong. The view is
looking south along the ecliptic pole with the vernal equinox to the right. An artificial

source is located 45° counter clockwise from the top and 30° out of the page.

(A) Toutatis model at 17 Dec. 1992,7:25 UTC with zero-],l,asc illumination. North

is up. The line passes through the COM and is the Goldstone- VILA prediction (] 3) of

Toutatis’s clongation at that time. (B) Toutatis mode]l at 1(1 Dec. 1992, 18:40 with
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correct solar illumination. North is 112.8" clockwise fromup. (C) Same as (13) but
with 453-1m pixels. The line passes through the COM and corresponds to the apparent

clongation of Toutatis in HST images (14).
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